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ABSTRACT

It is well-known that the payoffs of the various bargaining sets of a cooperative
n-person game are finite unions of closed convex polyhedra. In this paper, the
system of inequalities that determines these polyhedra for the bargaining set
AP is expressed in explicit form,

It turns out that this system also expresses the condition that certain games,

derived from the original game and from the potential payoffs, have full-dimen-
sional cores.

1. Introduction. The basic papers dealing with the bargaining set .# " are [4]
by M. Davis and the author, and [9] by B. Peleg. (See also [6], and [5] by M.
Davis and the author.) For intuitive justification of the bargaining set as a
solution concept, the reader is referred to [1] by R. J. Aumann and the author,
where other bargaining sets are described. It is shown in [1] that one of the bar-
gaining sets can be represented as a solution of a finite set of linear weak in-
equalities connected by the words ““and’” and ‘‘or.”” A similar proof holds for
M,

The purpose of the present paper is to provide such a system for . {in explicit
form.

2. The system whose solution is the bargaining set .#{". Let (NV;v) be a
cooperative n-person game in characteristic function form, where N = {1,2, -++,n}
is its set of players and its characteristic function v is assumed to satisfy

2.1) o(8)2 T o({i})
ieS

for each coalition (i.e., non-empty subset of N).
Let # = {B,,B,, ", B,} be a coalition-structure; i.e., a partition of N into m
disjoint coalitions.
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An individually rational payoff configuration (i.r.p.c.) is the pair
(xV%) = (xlsxl) ""xn; BlaB2’ ""Bm),

where x = (x,x,,-+,x,)—called the payoff-vector—is an n-tuple of real numbers
satisfying

(2.2) 2 x;=v(B)), =12, m.

iEBj
2.3) x; 2 v({i}), i=1,2,---,n (individual rationality).

Denote by 7, , the set of coalitions which contain a player k and do not contain
a player /.

Let (x; %) be an i.r.p.c. for a game (N;v) and let k and ! be two distinct players
who belong to the same coalition in %. An objection of k against I, with respect
to (x; %) is a pair(!) (§; C), where CeJ,,and J=(y)icc is a c-tuple of real
numbers satisfying

(2.4 Z y,=19(C),

ieC

2.5) yi>x;, ieC.

(c denotes the number of playersin C.)

Let (x;%) be an i.r.p.c. for a game (N;v) and let (§;C) be an objection of
a player k against a player , (k, I being distinct players in the same coalition in £).
A counter-objection to the above objection is a pair (£;D), where De .7, and
2 =(2;);p is a d-tuple of real numbers satisfying

2.6) 2 z;=v(D),

ieD
27 z;,2x;, ieD,
(2.9) z;Z2y;, IeCND.

d (denotes the number of players in D.)

We say that k can object against I by using the coalition C if an objection (§; C)
of k against [ exists. For such an objection we say that !/ can counter-object by
using the coalition D if a counter-objection (£;D) exists. We say that k has a
Jjustified objection against I (with respect to an i.r.p.c. (x; #)),if there is an ob-
jection of k against I which cannot be countered.

The bargaining set # {Pis the set of all i.r.p.c.’s with respect to which no player

(1) The ~ symbol indicates that the coordinates of the payoff vector are restricted_toJa
coalition,
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has a justified objection against another player (who belongs to the same coalition
in the coalition structure).
Let (x; &) be an i.r.p.c. for a game (N;v). For each coalition S, we call

2.9 e(S,x)=v(S) — X x;

ieS
the excess of S with respect to (x;%). Obviously, e(B;) =0, j = 1,2,--,m.

LemMA 2.1. Let (x; %) be an i.r.p.c. for a game (N;v). Let k and | be two
distinct players in a coalition of 8. Let C be a coalition in ;. In order that k
has an objection against 1 by using the coalition C, it is necessary and sufficient
that e(C,x) > 0.

The proof is straightforward. Note that a single-person coalition can never
be used for an objection.

In order to find a criterion for k having a justified objection against [ by using C,
it is convenient to construct the (C;k,I;x)-game:

DEFINITION 2.2. Let (x;%) be an ir.p.c. and let (k,I) be an ordered pair of
players in a coalition of #. Let C be a coalition in 7, , which contains at least two
members. The (C;k,1;x)-game is a game (C — {k};vc) over the set of players
C — {k}, whose characteristic function v, is defined by

(2.10) Ve x,1(S, %) = v(S) = Max (0, Max, . 5,,,e(D, X)),
DnC=§
for each coalition S contained in C — {k}.
Thus, the value of each coalition in C — {k} is either O or the most that player !
can pay the members of S without resorting to the consent of k, whichever is the
greatest.

LeEMMA 2.3. Let (x; %) be an i.r.p.c. in a game (N;v) and let k and | be two
distinct players in a coalition of B. Let C be a coalition in 7 , which contains
at least two players. Player k has a justified objection against player | (with
respect to (x; %)) by using the multi-person coalition C if and only if the follow-
ing conditions are satisfied:

(1) e(D,x) <0 whenever DeJ ,; and DNC=

(ii) There exists an r-tuple of real numbers {=(t);cc—> Where r is the
number of players in C — {k}, such that

@.11) T 4=eCx)

ieC—{k}

and for each coalition S in the (C;k,1; x)-game
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(2.12) T t;>04S); S<C—{k}.
ieS

Proof. A. If (y;C) is an objection of k against I, with respect to (x; #)which
cannot be countered, set #; =y, —x;+ (¥, — x)/r, ieC — {k}. It follows from
(2.4) and (2.9) that (2.11) is satisfied. By (2.5), t;> 0, ie C — {k}. Suppose that
(2.12) were not satisfied for a coalition S,, then v(S,) > 0 and a coalition D,
would exist in 7, , such that S, = Dy NC # & and
(2.13) to= X ;S 0(So) = (Do, X).

iESo

Therefore, I could counter-object by (£; Dy), where z; = ¢, + x; for ieS,,
zy=e(Dg,X) —to+ X, z;=x; for ieDy~— Sy~ {I}. Indeed, (2.6)—(2.8) are
then satisfied for D = Dy. This contradiction shows that (2.12), and therefore
(if), are satisfied. If (i) were not satisfied, then there would exist a coalition D,
in 7 such that D, NC= & and e(D,, x) 2 0. Obviously, ! could then counter-
object by using D,. This contradiction shows that (i) is, in fact, satisfied.

B. Suppose (i) and (ii) are satisfied. Set

(2.14) d= Min (E t;— vC(S)) .

ScC—{k} \ieS
By (2.12), 6> 0. We shall show that (§;C), where y,=x, +6/2, y;=x+ 1t
whenever ie C — {k} — {p}, y,=x,+1,— /2, p being a particular player in
C — {k}, is a justified objection. Indeed, (2.4) is satisfied. Apply (2.14) to the
single-person coalitions in C — {k} and observe that vc = 0 (see (2.10)). It follows
that ¢, > 6/2 > 0 whenever i e C — {k}.

Thus, (2.5) is also satisfied and ($;C) is an objection. Suppose that I has a
counter-objection (2;D,). If D, NC = & then (2.5)<(2.9) imply e(D,,x) =0,
contrary to (i). If S, =D, NC# J then S, is coalition in C— {k} and it
follows from (2.9) and (2.10) that

(2.15); (S 2 e(Dyx) = 0(Dy) ~ T .
ieDy
By (2.6)-(2.8), however, v(D;)= X;.p,z:2 Zies,Vi+ Ziep,-5.% 2 Ziesyti +
+ Xiep,Xi— 6/2. Thus, ;. .t; — v(S,) £ §/2, contrary to (2.14). The contra-
diction shows that (; C) is, in fact, a justified objection.
Condition (ii) resembles the condition that a certain game has a full dimensional
core. Indeed, let (C — {k};v§) be a game where

vc(S) whenever S is a proper subset of C — {k}

(2.16) v¥S) = e(C,x) if S=C - {k).
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Condition (ii), with (2.12) being restricted to proper subsets of C — {k}, states
that (C — {k};v¥) has a full dimensional core. We can, therefore, use the results
of O. N. Bondareva [3] and L. S. Shapley [10] in order to state condition (ii) in
terms of v(S) and e(C, x) alone:

DeriNiTION 2.4. (L. S. Shapley). Let T be a non-empty finite set of players.
A collection & = {5, S,,-:-,S,} of non-empty subsets(?) of T is called balanced
if there exist positive constants y,,7,,+-*,7,, such that

(2.17) 2 y;=1alliinT

jlies;

The coefficients satisfying (2.17) are called the weights for &.

Dermurion 2.5. (L. S. SHAPLEY). A balanced collection is called minimal, if no
proper subcollection is balanced(3).

It is known (see [3], [10]) that the weight vector is unique if and only if & is
a minimal balanced collection.

Lemma 2.6. Condition (ii) of Lemma 2.3 holds if and only if for each minimal
balanced collection & = {S,,S,,--,8,} for T = C — {k},

(2.18) (C,x) > 3 798 ,)s
ji=1

where (71,75,++,7,) is the weight vector for &.

Proof. Condition (ii) is equivalent to existence of a full dimensional core in
the game (C — {k};vf), together with the requirement e(C,x)> v(C — {k}).
Since {C — {k}} is a minimal balanced collection for C — {k}, it follows that the
last requirement is nothing but the application of (2.18) to & = {C — {k}}.
The application of (2.18) to minimal balanced collections other than {C — {k}} isa
necessary and sufficient condition that the game (C — {k};v¥) has a full dimens-
sional core (see O. N. Bondareva [3] and L. S. Shapley [10]).

We are now in a position to describe the system of inequalities which determine
the bargaining set . of a game:

THEOREM 2.7. Let (N;v) be an n-person cooperative game whose charac-
teristic function satisfies (2.1). Let #={B,B,, -,B,} be a fixed coalition

(?) L.S. Shapley requires that these subsets will be proper subsets of 7. For our purpose it
is more convenient to allow T itself to be one of the subsets.

{3) O.N. Bondareva uses similar concepts called “(¢g-% )-covering of T and “reduced
(g-F )<covering of T.”
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structure. A necessary and sufficient condition that (x;%) belongs to the bar-

gaining set MV, where X = (X,X,,+,X,), is:
(1) Eiijxi=v(Bj)’j=1929""m;
(ll) xigv({i})a i= 1:2""9n;

(iii) for each ordered pair of distinct players (k,l) who belong to the same
coalition of &, and for each coalition C in J,, which contains at least two
members, either there exists a coalition D in J,; such that DNC = & and
e(D,x) = 0 (see (2.9)); or

(2.19) e(C,x) £ Max X y(L)(S)),

FeR jlSje¥

where v((S;) is defined by (2.10), R is the set of all minimal balanced collections
of C—{k} and y (&) is the weight of S; for &, S;e & (see definitions 2.4 and
2.5).

The proof follows from the Lemmas 2.3 and 2.6.

Theorem 2.7 provides a finite set of linear inequalities connected by the words
“and’’ and ‘‘or.”’ Indeed, the ““and’’ connects (i), (ii) and (iii), and also connects
the systems which correspond to the various possible ordered triples (k,I,C);
whereas “‘or’’ connects the various alternatives in (iii), namely, the various
possible D’s (for a fixed (k, I, C)), and (2.19). In general, (2.19) is not linear, but
it is equivalent to the finite set of inequalities: e(C,x) < Xs, e 17,(F (S
or -+ or e(C,x) £ Xs, o7 (FTI0AS)), Where R={F",&?,...,%"}. Similarly,
each inequality e(C,x) S Xs,. 407 (L *)0(S;) is equivalent to the finite set of
linear inequalities connected by “or,” of the type e(C,x) £ X, c »,¥ {(F")e(DS? )x),
where the Dﬁ-”), with o being the changing variable, run over the empty set
well as all the sets in 7, such that Dgf’) NC =S;, and the convention is that

e(Jg,x)=0.

ExampLE 2.8. The following system of inequalities expresses the necessary
and sufficient condition that Player 1 has no justified objection against Player 4
with respect to the pair (x;,x,,X3,%4; {{1,2,3,4}}) in the 4-person game
({1,2,3,4}; v):

Xy + Xy + X3 + X4 = U({1,2’394})

and xy 2 v({1})
and x; 2 v({2))
and x5 2 o({3})

and x4 Z v({4})
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and [x, =v({4}) or x5+ x4 S 0v({3,4}) or x, +x, 2 v({1,2})
or x4 — x; £ v({2,4}) — v({1,2}) or x5 + x, — x; £ v({2,3,4}) — v({1,2})]

and [x, =v({4}) or x, + x4 S v({2,4}) or x; + x5 = v({1,3})
or x,—x; £ v({3,4}) = v({1,3}) or x,+ x4 —x; Z0({2,3,4}) — v({1,3})]

and [x,=v({4}) or x;+x,+x320v({1,2,3} or x4—x; < v({2,3,4})—v({1,2,3})
or x,—x;—x350({2,4})—v({1,2,3)} or x4—x;—x,=v({3,4})—0v({1,2,3})
or 2’x4 — X s U({254}) + U({3,4}) - U({1,2,3})].

This is the union of 150 convex polyhedra, each of which is the intersection of 8
(possibly coinciding) half spaces.

Taking 12 permutations of the above system, obtained by permuting (1,4)
with all the ordered pairs, and connecting the systems by ‘‘and,”” one obtains
the necessary and sufficient condition that (x,,x,,x3,%4;{{1,2,3,4}}) belongs to
M. Thus, 4P is represented here as a union of 150'? convex polyhedra, each
of which is an intersection of (possibly coinciding) 41 half spaces.

Note that in order to check whether a particular payoff (x,,x,,x3,x,) is in
P for the coalition structure {{1,2,3,4}}, only 197 inequalities need be checked.

From some experience with actual computations, however, it appears that
most of the 150'? polyhedra are perhaps empty and that many are contained
in others. The following questions therefore arise:

1. How does one reduce the number of polyhedra that need be computed for
a general game?

2. How does one reduce the number of polyhedra that need be computed for
a particular game, taking into account the particular properties of the charac-
teristic function?

(See [7] and [8] by B. Peleg and the present author, and [2] by R. J. Aumann,
B. Peleg and P. Rabinowitz, where questions of this kind are answered for a rep-
resentation of the kernel of a cooperative game.)
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